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ABSTRACT: Experimental stress analysis can be conveniently investigated by classical shadow Moire
technique. Moire is a non-contact and non-destructive technique, with a fast digitisation process. The
phenomena of Moire fringes are the result of the projection of the fringes of a ruling on a certain object.
It has measurement accuracy comparable with other systems and also low cost. The present study
offers new algorithms for phase evaluation in measurements. Several phase-shifting algorithms with an
arbitrary but constant phase-shift between captured intensity signs are proposed. The algorithms are
similarly derived as the so-called ‘Carre algorithm’. The idea is to develop a generalisation of Carre
algorithm that is not restricted to four images. Errors and random noise in the images cannot be
eliminated, but the uncertainty caused by their effects can be reduced by increasing the number of
observations. An experimental analysis of the mistakes of the technique was made, as well as a detailed
analysis of mistakes of the measurement. The advantages of the proposed algorithm are its precision in
the measures taken, speed of processing and the immunity to noise in signs and images.
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Introduction

Phase shifting is an important technique in experi-
mental strain analysis [1-3]. Conventional phase-
shifting algorithms require phase-shift amounts to be
known; however, errors on phase shifts are common
for the phase-shift modulators in real applications, and
such errors can further cause substantial errors in the
determination of phase distributions. There are many
potential error sources which may affect the accuracy
of the practical measurement, e.g. phase-shifting
errors, detector nonlinearities, quantisation errors,
source stability, vibrations and air turbulence [4].
Currently, the phase-shifting technique is the most
widely used technique for evaluation of interference
fields in many areas of science and engineering. Its
principle is based on the evaluation of the phase values
from several phase-modulated measurements of the
intensity of the interference field. It is necessary to
carry out at least three phase-shifted intensity mea-
surements to determine unambiguously and very
accurately, the phase at every point of the detector
plane. The phase-shifting technique offers a fully
automatic calculation of the phase difference between
two coherent wave fields that interfere in the process.
There are various phase-shifting algorithms for phase
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calculation that differ on the number of phase steps,
on phase-shift values between captured intensity
frames and on their sensitivity to the influencing fac-
tors during practical measurements [4].

The general principle of most interferometric
measurements is as follows. Two light beams (refer-
ence and object) interfere after an interaction of the
object beam with the measured object, i.e. the beam
is transmitted or reflected by the object. The distri-
bution of the intensity of the interference field is
then detected, using a photographic film, charge-
coupled device (CCD) camera, etc. The phase differ-
ence between the reference and the object beam can
be determined using the above-mentioned phase
calculation techniques. The phase-shifting technique
is based on an evaluation of the phase of the inter-
ference signal using phase modulation of this inter-
ference signal [5].

Theory of the Phase-Shifting Technique

The fringe pattern is assumed to be a sinusoidal
function and is represented by the intensity distri-
bution I(x,y). This function can be written in general
form as:
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I(x,y) = Im(x,y) + La(x,y) cos[¢(x,y) + I ("

where [, is the background intensity variation, I, is
the modulation strength, ¢(x,y) is the phase at origin
and ¢ is the phase shift related to the origin [6].

The general theory of synchronous detection can be
applied to discrete sampling procedure, with only a
few sample points. There must be at least four signal
measurements to determine the phase ¢ and the term
0. Phase shifting is the preferred technique whenever
the external turbulence and mechanical conditions of
the images remain constant over the time required to
obtain the four phase-shifted frames. The technique
used in this experiment is called the ‘Carre method’
[7]. By solving the Equation (1) above, the phase ¢ can
be determined. The intensity distribution of fringe
pattern in a pixel may be represented by grey level,
which varies from O to 255. With the Carre method,
the phase shift (6) amount is treated as an unknown
value. The method uses four phase-shifted images as

Li(x,y) = Im(x,y) + La(x,y) cos[p(x, y) — 30/2]

IZ(va) :Im(X,Y) +Ia(X7)’) COS[¢(X’V) _0/2} (2)
I(x,y) = In(x,y) + la(x, y) cos[p(x,y) + 6/2]

I4(X,}/) = Im(xa)/) + Ia(X,y) COS[¢(X7}/) + 36/2]

Assuming that the phase shift is linear and does not
change during the measurements, the phase at each
point is determined as

_ VI — L) + (L - B)B(I2— ) — (L —I)]
¢—arctan{ (I +13)— (I + 1) }

©)

Expanding Equation (3), we obtain the Carre
method as:

—Ilz +2II, 21113 +21114
+3I§ —6lLI; -2,
+3I3  +2L14

_[‘%

tan(9) = 4)

|- + I + I3 — 14]

or emphasising only the matrix of coefficients of the
numerator and the denominator:

-1 2 -2 2

~ v/|Num| B 3 -6 -2
tan(¢) = “Dem| Num = 3 o )
e

Dem=[-1 1 1 -1]
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Almost all the existing phase-shifting algorithms
are based on the assumption that the phase-shift at
all pixels of the intensity frame is equal and known.
However, it may be very difficult to achieve this in
practice. Phase-measuring algorithms are more or less
sensitive to some types of errors that can occur dur-
ing measurements with images. The phase-shift value
is assumed unknown but is constant in phase calcu-
lation algorithms, which are derived in this paper.
Consider now the constant but unknown phase-shift
value 6 between recorded images of the intensity of
the observed interference field.

Considering N phase-shifted intensity measure-
ments, we can write for the intensity distribution Iy at
every point of k recorded phase-shifted interference
patterns.

L(x,y) =Ln(x,y) + 1.(x,y) cos {(ﬁ(x,y) + (%) 5}
(6)

where k = 1,...,N and N being the number of frames.
In Novak [4], several five-step phase-shifting
algorithms insensitive to phase-shift calibration are
described, and a complex error analysis of these phase
calculation algorithms is performed. The best five-step
algorithm, Equation (7), seems to be a very accurate
and stable phase-shifting algorithm with the unknown
phase step for a wide range of phase-step values.

{lljk =l —I tan(¢) \/4a3, — ais
) =F+———
b}k:I]+Ik 2[3 —bls

@)

B \/4(12 —Is)” — (I - I5)*
B 2I; I — I

Expanding Equation (7), we obtain the Novak
method as:

-7 +201s
+412 -84
+41%
_ Ig
tan(¢) = T, + 21 — 5] ®

or emphasising only the matrix of coefficients of the
numerator and the denominator:

100 0 2
40 -8 0

tan(¢) = YN\ 0 0 0
|Dem| 4 0

1

Dem=[-1 0 2 0 —1]
)
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Proposed Algorithms

A general algorithm for calculating the phase for any
number, N, of images tan(¢) = Sqrt(Abs(Num))/
Abs(Dem) is proposed here:

t
an(¢) \Dem| ‘Z )
=

where N is the number of images, n, ; are coefficients
of the numerator (Num), d, are coefficients of the
denominator (Dem), and r and s are indexes of the
sum. Or, expanding the summations and allowing an
arbitrary number of lines

Generalisation of Carre Method

The display of the phase calculation algorithm in
this way permits the viewing of symmetries and
plans of sparse matrix. The use of the absolute value
in the numerator and the denominator restricts the
angle between 0° and 90° but avoids negative roots,
and also eliminates false angles found. Subsequent
considerations will later remove this restriction
[4-6].

In the tested practical applications, an increase in
20% in the processing time was noticed when using
16 images instead of four while processing the
standard Carre algorithm, because of many zero
coefficients. But if one changes the coefficients from
integer type to real numbers, the processing time for
the evaluation of phase practically doubles because
real numbers use more memory and more processing

mal?  +nmiohly  +mshls +n sl
+n2,21§ +I’lzﬁ3[2[3 +1p 41214

+n33l2  +n3alsly

+n4,4lf

+minhin
+na Nl In
+n3 nI3In
1y, NI4IN

+ny I3

tan(¢) = |dili + dolo + d3l3 + dylsy + - - -

Or, emphasising only the matrix of coefficients of
the numerator and the denominator:

ni1 N1p N3 N14 - MN
Np2 N23 N34 -+ N2 N
n33 N34 -+ N3N

¢ ~ v/[Num| | Num= e
an(¢)_7|Dem| 44 4N
NN N

Dem:[d1 dz d3 d4 dN—l dN]
(12)

Minimal Z Z 5] + Z |d|

r=1 s=r
tan(¢) = rt (\Num|)/\Dem|

2
(i) tan?(¢ )(z dIV) S

r=1s=r
.o N
(ii) Z sl + |dy| > 1,

subject
iii) Z |ng | + |dr| > 1,

iv) 2N<n,q < 2N,
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+ dy_1In—1 + dnIn|

(
(
(v) —2N < ds; < 2N, r=
(vi) n,s are integer, r=
(

vii) d, are integer, r=

Q)

time to evaluate floating point additions and multi-
plications, which are many in the algorithms with a
large quantity of images.

The shift on the problem focus of obtaining algo-
rithms for calculating the phase of an analytical
problem of a numerical vision is a great innovation.
It breaks a paradigm that was hitherto used by several
authors. After several attempts in numerical model-
ling of the problem, the following mathematical
problem was identified:

number of variables

., [W“ +N}

., N, enter all frames

., N,enter all frames

,....,N, s=r,...,N

N

cey

1,...,N, s=r,...,N
1,...,N
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where for each v:

I (x,y) = I, (x,p) + I;(x,y) cos[¢" (x, ) + (518",
1Y, € [0;128]

I} €]0,127]
¢" € [-m;7]
8" € [-2m; 2]

The coefficients of the matrices of the numerator
(n,5) and the denominator (d,) must be integers to
increase the performance of the computer algorithm,
as the values of the intensity of the images (I) are
also integers ranging from O to 255. Modern com-
puters perform integer computations (additions and
multiplications) much faster than floating-point
computations. It should be noted that currently the
commercial digital photographic cameras present
graphics resolution above 12 megapixels and that the
evaluation of phase (¢) should be done pixel to pixel.
Another motivation is the use of memory: integer
values can be stored on a single byte while real values
use, at least, 4 bytes. The present scheme uses real
numbers only in the square root of the numerator, in
the division by denominator and in the arc-tangent
over the entire operation.

The idea of obtaining a minimum sum of the val-
ues of absolute or module of the coefficients of
matrices of the numerator (1, ;) and denominator (d,)
comes from the attempt to force these factors to zero,
for computational speed up and for reducing the
required memory, as zero terms in sparse matrices do
not need to be stored. It is also important that those
ratios are not very large so that the sum of the
numerator and the denominator do not have very
high value to fit into an integer variable. For a precise
phase evaluation, these factors will increase the val-
ues of the intensity of the image (I;) that contains
errors because of noise in the image, in its discreti-
sation in pixels and in shades of grey.

The first restriction of the problem (13) is the
Equation (10), which is squared to form the relation
that one is seeking. Note that the results obtained by
solving the mathematical problem of the coefficients
are in the form of matrices for the numerator (1, )
and the denominator (d,), so the number of
unknowns is given by v. To ensure that one has a
hyper-restricted problem, the number of restrictions
must be greater than or at least equal to the number
of variables. The v restrictions of the model are
obtained through random choice of values for I, I,
¢ and ¢ and by using the Equation (6) to compute I.
Tests showed that even for low numbers for other
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values of v, the mathematical problem leads to only
one optimal solution though it becomes more time

k=1,...,N

random and real

random and real (13)
random and real

random and real

consuming. Indeed the values of I,,,, I,, ¢ and ¢ can be
any real number, but to maintain compatibility with
the problem images, it was decided to limit I,
between O to 128 and I, between 0 and 127 so that I
would be between 0 and 255.

The restrictions (ii) and (iii) of the problem are
based on the idea that all image luminous intensities,
I, must be present in the algorithm. It increases the
amounts of samples to reduce the noise of random
images. This requires that all the sampling images
enter the algorithm for phase calculation. This is
achieved by imposing that the sum of the absolute
values of the coefficients of each row or column of
the matrix of each of the numerator (#,,), plus the
module at the rate corresponding to that image in
the denominator (d,), is greater than or equal to 1.
Thus the coefficients on an algorithm to calculate the
phase for a given image I will not be all zeros,
ensuring their participation in the algorithm.

Restrictions (iv) and (v) of the problem are used to
accelerate the solution of this mathematical model.
This limitation in the value of the coefficients of
matrices of the numerator (1, ;) and denominator (d,)
presents a significant reduction in the search universe
and in the search of a solution for model optimisa-
tion. Whenever N is greater than 16, the coefficients
of matrices of the numerator (n,;) and denominator
(d,) can be limited to the interval [-4,4]. The search is
restricted to coefficients of matrices of the numerator
(n.s) and denominator (d,), which are integers of
small value and meeting the restrictions of the
model; it does not need to be minimised (desirable
but not necessary).

Once a solution to the problem is found, it can
become a restriction. Therefore, solving the problem
again leads to a different solution. This allows the
problem (13) to lead to many different algorithms for
a given value of N, making it very flexible and the
numerical problem, comprehensive. The following
multi-step algorithm for phase calculation uses
well-known trigonometric relations and branch-and-
bound algorithm [8] for pure integer nonlinear
programming with the mathematic problem (13).
Tables 1 to 3 show some algorithms.
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Table I: Matrix of coefficient for N = 4 and N = 5, with type
tan (¢) = Sqrt(|]Num|)/|Dem]|

N=4] Num|-1] 2 |-2]| 2

a) 3|2
-1
Dem|-1] 1] 1]-1

N=5] Num|-1] 0] OO 2
4101]-8]0

a) ojo]oO

410

Dem|-1] 0] 2] 0 |-

N

Following the model of uncertainty analysis pre-
sented in Refs [4, 9], these new algorithms have
excellent results with the application of the Monte
Carlo-based technique of uncertainty propagation.
The Monte Carlo-based technique requires assigning
probability density functions (PDFs) to each input
quantity. A computer algorithm is set up to generate
an input vector P = (p;---p,)"; each element p; of this
vector is generated according to the specific PDF
assigned to the corresponding quantity p;. By apply-
ing the generated vector P to the model Q = M(P),
the corresponding output value Q can be computed.
If the simulating process is repeated n times (n >> 1),
the outcome is a series of indications (qy,...,q,), the
frequency distribution of which allows us to identify
the PDF of Q. Then, irrespective of the form of this
PDF, the estimate ¢, and its associated standard
uncertainty u(q,) can be calculated by

1 n
== i (14)
=1
and
u(ge) = | 3 (@1 — o) (15)
(n-1)=

The influence of the error sources affecting the
phase values is considered in these models through
the values of the intensity I;. This is done by modi-
fying Equation (6):

I(x,y) = Im(x,y) + La(x, y) cOS
2k—-N-1

<ot + (EF 040 +a) +a

(16)
dr =dni1s, r=1,....,h and r#N+1-r
My Ns1—r = =20, r=1,...,0h and r#N+1-r
NN4+1-sN+1-r = Nrs, T = 17‘..71’1; S:T7...,I’l and
Ny Ny1-s = —Hrs,

NsN+1-r = —HNrg, r=1,...
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Generalisation of Carre Method

Comparing Equations (6) and (16), it can be
observed that three input quantities (6, &, &) were
included. 0 allows us to consider, in the uncertainty
propagation, that the systematic error used to induce
the phase shift is not adequately calibrated. The error
bound allowed us to assign to 0 a rectangular PDF
over the interval (-=/10 rad, +7/10 rad). & allowed us
to account for the influence of environmental per-
turbations. The error bound allowed us to assign to &
a rectangular PDF over the interval (-=/20 rad, +7/20
rad). & allows us to account for the nearly random
effect of the optical noise. The rectangular PDFs
assigned to & should be in the interval (-10,+10).

The values of ¢ were considered given in the range
(0, /2). A computer algorithm was set up to generate
single values of (0, &, &) according to the corres-
ponding PDFs. With the generated values of the
input quantities, we evaluated the phase ¢ by using
the new algorithms. As this simulating process and
the corresponding phase evaluation were repeated
n = 10* = 10 000 times, we were able to form the
series (¢ - -} oo00) With the outcomes.

The algorithms with letters (a) are better, more
accurate, more robust and more stable for the
random noise. The tests show that the optimum
phase-shift interval with which the algorithm gives
minimum uncertainty for the noise is in the vicinity
of n/2 radians (Figure 1).

Figure 2 shows the average of the standard uncer-
tainty u(¢) generated with values ¢ in the range (0, =/
2) by using new algorithms. It can be observed that
the uncertainty by new algorithms diminishes as the
number of images increases.

Symmetry and Sparse in Matrix
of Coefficient

Solving the problem of increasing the processing time
to obtain new formulas for phase calculation with the
increased number of variables for high values of N uses
up important data; most of the formulas showed sym-
metries in the matrix of coefficients of the numerator
and the denominator. Let h = (N div 2) + (N mod 2)
where the value of x div yis the value of x/y rounded in
the direction of zero to the nearest integer (integer
division) and the mod operator returns the remainder
obtained by dividing its operands [in other words,
xmod y = x — (x div y) * y]. The symmetries are:

r#N+1—-sand s#N+1-—r (17)
r=1,...;h; s=r,....h and s>rand sA#N+1-5s
Jh; s=r,...0h and s>rand s#N+1-r
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Generalisation of Carre Method :

.,12, with type tan(¢) = Sqrt([Num|)/|Dem|

Matrix of coefficient for N = 6,..

Table 2

|
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Table 3: Matrix of coefficient for N = 13,...,16, with type tan(¢) = Sqrt((Num|)/|Dem|:

N=13| Num| -1} 2|-1f 0oJojojJoOojojojo}|1]-2|2 -1|2]1-2)-2fo|1|o]-1]0]2|2]|-22
ol-2Jo]-2fojojoj2jofj2]0]-2 1fojol-t1j1joj-141]0fo|-2|-2
2121|210} 2]|-1]-2|-4]2]1 210]of-1]ofj1]ojo|-4)0}|2
a) 212|110} 1]12]|-4]-2{0})0 b) 212|110} 1]12]|-40f0])2
1120 2)-2)2|-12]0 21210y 2|42|0|1]0
110]1-2| 2 210]0 1102121 =1 -1
ojojojojojojo ojojojojojojo
2| -1]-2{0}]0 =1 =211 1] 1
11-211]1-2]0 21-20]-1]0
212]0}0 210]0]-2
21-2| -1 210]-2
02 112
-1 -1
Dem{-1] 1joj-1jojoj2jojoj-1j0]1]-1 -1j1jofj-1jojoj2jojoj-1joj1§-1
N=14| Num|-1f oy 1JojJojojojojojojo]|-1jo0]2 -1jof-1fojojojojojojojoj1jojfz2
1{o0j-1jo0jofojojojoj1j0y-20 11]0f1jojojojojojoy-1fof-240
ojoj1jojofyojof-1fojoyoyf- 11]0]J]0j0jJ0jojojojo]-2fo0]1
a) -1|oj-1jojof1jof2jo0fj1jo b) ojoj-1fojojt1jojojoy-1o0
1101 1jo0]-2fof-1jo}o0 oj2jojofj-2fojofojojo
1 -1|-2f0]11{0jo0joO of-1p1jof|-241]0fj0}fo
-2|-111]10f0jJo0joO 11-211]0jo0jojojo
1]1]1-10j0jo}o 1]-110jojojo}o
1]0]-10jojo oj2|-10fjo}fo0
11011]0}0 ojojojojo
-110})-1]0 ojfoj1j]o
ojoj}1 11011
110 110
-1 -1
Dem| -1 0} 1jo0jojojojojojojof1jo0)-1 -1jojojoj1jojojojoj1jojojol-1
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1]11-11ojojojojojojof1y-1-2|2 11oj-1Jojojojojojojojoj1joyj-2fo
ojo|-1f2j10fjo0jofj-241j0fj0|-140 ojojt1fjojojojojojoy-1fojojol-1n
a) 112122022220 1] a) -1fojojojojojojojoj2yof1jo
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Figure I: Standard uncertainty of the phase values u(¢’) using new algorithms with variation of phase shift (5). Note that the
uncertainty is smaller near 6 = n/2 and decreases with increasing number of images
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So as the matrix for N also was:

N1 M1z N13 Ny p—1 Ny —N1p —N1p-1 —Nn13 —HN12 —2n1,
Nz HN23 N2 p-1 N2 —Nap —N2p-1 —Hz3 —2nz W
N33 N3 p—1 N3 p —Nn3p —N3 p—1 —2n313 —H23 —Nn13
Mp—1p-1 Np-1n —HBp-1hn =201 1 —M3p-1 —HNzp-1 —MNip-1
Npp =20, —Mp_1 —n3 —Ha —nyp
Num =
Npp Np_1p n3 n Nz p GW/] (18)
Ap—1n-1 N3 p—1 Nz p—1 N1 p-1
N33 Nnz3 m3
) nip
L nl"l .
Dem:[d1 dz d3 d4 dh—l dh dh dh—l d4 d3 dz dl]
In addition, the matrix for odd N was:
(n11 mp mg3 Ny p—1 nyp —My p-1 —n13 -y —2np1 ]
Nz2 MN23 N2 p_1 My py —MNpp_1 —MNz3 =212  —Hip
N33 N3 p—1 n3 p —N3 p-1 —2n3,3 —Hz3 —Nn13
Mp_1p-1 Mp_ip —20p-1p1 —M3p_1 —Hppo1 —Hip-1
Num = Mpy py N1 N3 p, Ny jy nyp
Mp_1n-1 n3p-1 Ny p-1 nyp-1 (19)
n33 nz3 nms3
N2 ni2
L na |
Dem=[dy d» d3 d, dpoy dp dpy - dy d3 dy dp]

Therefore, using symmetry to the numerator coef-
ficients can be represented with only its first quarter
and the denominator coefficients can be represented
only with the first half, as shown below:

nmay M2 M3 Ny p—1 nip

Na2 MN23 N3 p-1 N2

Num!/4 = ns33 n3 -1 n3
Np—1p-1 Np-1p

Ny p

In previous formulas, most of the coefficients of
the numerator and the denominator are zero. Even
more for the first quarter of the coefficients of the

r=5,...,h—1

A2 —o
Sparseq % ’
P { st =

e562

Dem'? =[d, dy d3

numerator, the terms are different from zero in the
main diagonal and closer to the three diagonal, so
only the first four coefficients of each line are differ-
ent from zero. In the first half of the coefficients of

dp-1 dy] (20)

the denominator, only the first four and the last term
are different from zero. A matrix where most of the
terms are zeros is usually called sparse matrix.

@n

0, r=1,....h—5, s=r+4,...,h,and s>r+3
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In order, the matrix is:

nma M2 M3 HNig 0 0 0 0 0 0 0
Npp MN23 H24 H2s 0 0 0 0 0 0
n33 N34 MN3s n36 0 0 0 0 0
Nys4 Ngs  Nag Ny 7 0 0 0 0
0 0 0
Num/4 — Nh_6n-6 Mh-6n-5 Hn-6h-4 Nn_6n3 0 0
Np_sp-s Mp_sp—a Np_sp-3 Np_sp_2 0 0
Np_ap-4 MNp_ap-3 Np_ap-2 Np_ap_1 0
Np-3p-3 MNp-3p-2 Np-3p-1 Np-3n
NMp—2p-2 MNp-2p-1 HNp-2hn
Np—1p-1 Np-1p
L nh‘h .
Dem'?=[d;, d, d3 di 0 O 0 0 dy]

An important fact is that the resolution of the
mathematical model generates new and efficient
formulas for calculating the phase. As most of the
coefficients of both the numerator and the denomi-
nator are zero, the implementation of these new
algorithms is very fast and the volume of mathe-
matical operations is reduced, because the terms are
zero as there is no need for multiplier to the values of
luminous intensity I for these factors, as any number
multiplied by zero will be zero.

Formulas for Phase Calculation of Many
Images

Analysing the formulas deducted, we attempted to
get a rule for training for them or an algorithm to

. Generalisation of Carre Method

22

provide valid values of coefficients of the numerator
and the denominator of the formulas for phase cal-
culation of large quantities of images (N > 15). The
concept of symmetry and sparse matrix of the pre-
vious section was used to look for a rule of training
for the first four terms of each line of the fourth of
the coefficients of the numerator, and for the four
words which may be different from zero to half the
denominator. The first thing that was done was to
reset all the coefficients of the numerator and the
denominator.

The rule that established training is divided into
eight cases depending on the value of the number of
images (N). For each case there was training with a
rule shown below.

For case 1, when N is even, N is divisible by 4 and N
is also divisible by 8:

Half=N/2
Fourth=N/4
Row :
-1 0 1 0 ] 1
1 0 -1 0 .. 2
o 0 1 0 3
-1.0 0 O 4
0o 0 1 0 Repeat
-1 0 0 O Repeat
Num = 0 0 -1 0 Fourth +1 (23)
1 0 0 0 .. Fourth +2
0O 0 -1 0 Repeat
10 0 O Repeat
1 0 -—1| Half-2
1 1 Half -1
| 1| Half
Dem”?= [-1 0 1 0 0 0 .. 0 0 0]
Col 1 2 3 4 5 6 Half -2 Half -1 Half
© 2010 Blackwell Publishing Ltd | Strain (2011) 47, e555-571 e563
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Average of the standard uncertainity u(¢’) x 1073 rad

090

080 1 g —
Jaa-
070 e
060 ———
040 TR—
040 N
030 N
O —
020
010
000 T -7 T T T T 77T T—T—T—T—T——T—T—T—T—T—T—T—T
SR EE ST EREREEIERZTEEaSEESISadsSanIsas
L= I B e B R i I R T
EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE
EEEEEEEEE EEEEEEEEE S EESEEEESEEEEE S
EEETEtEEsEsEEEEE st it e i ERE
5555258555508 8558588585555 9559595595585S
IR I I A S A A SE A I - S I 2 S i

Figure 2: Average of the standard uncertainty u(¢’) by using new algorithms. Note that the uncertainty decreases with increasing

number of images

For case 2, when N is even, N is divisible by 4 but N
is not divisible by 8:

Half=N/2
Fourth=N/4 Row :
-1 0 1 0 .. T 1
10 -1 0 2
0 o 1 0 .. 3
-1 0 0 0 4
o 0 1 0 .. Repeat
-1 0 0 0 .. Repeat
Num!# = 0o 0 -1 0 .. Fourth (24)
1 0 0 0 .. Fourth +1
o 0 -1 0 .. Repeat
I 0 0 0 ..| Repeat
0 1| Half-1
i 1| Half
Dem2=[-1 0 1 0 0 0 .. 0 0 0]
Col :1 2 3 4 5 6 .. Haf-=2 Half —1 Half
For case 3, when N is even, N + 2 is divisible by 4
and N + 2 is divisible by 8:
Half =N/2
Fourth = (N +2)/4 Row :
-1 01 0 .. 1 1
1 0 -1 0 .. 2
o 0 1 0 . 3
-1 0 0 0 .. 4
0o 0 1 0 .. Repeat
-1 0 0 0 .. Repeat
Num'/* = 0 0 -1 0 Fourth +1 (25)
1 0 0 0 . Fourth +2
0o 0 -1 0 .. Repeat
1 0 0 0 ..| Repeat
1 0 -1 O | Half -3
1 0 -1| Half -2
1 1 | Half -1
L 1 | Half
Dem’>=[-1 0 1 0 0 0 .. 0 0 0]
Col :1 2 3 4 5 6 .. Half -2 Half —1 Half
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For case 4, when N is even, N + 2 is divisible by 4
but N + 2 is not divisible by 8:

Half =N/2
Fourth = (N +2)/4
Row :
-1 01 0 .. 1 1
10 -1 0 .. 2
o 0 1 0 .. 3
-1 0 0 0 .. 4
0 0 1 0 Repeat
-1 0 0 0 .. Repeat
4 0 0 -1 0 Fourth
Num'" = (26)
1 0 0 0 .. Fourth +1
0 0 -1 0 .. Repeat
1 0 0 O ..| Repeat
1 0 -1 0| Half -3
1 0 O] Half -2
0 1| Half -1
L 1| Half
Dem'?’=[-1 01 0 0 0 .. 0 0 0]
Col 1 23 456 Half -2 Half —1 Half
For case 5, when N is odd, N — 1 is divisible by 4
and N - 1 is divisible by 8:
Half = (N +1)/2
Fourth=(N-1)/4
Row :
-1 2 -1 0 .. i 1
0 -2 0 0 .. 2
2 0 -1 0 .. 3
0O 0 0 1 .. Repeat
0O -1 0 0 Repeat
o0 2 -2 . Fourth
Num%: 2 -2 0 2 Fourth +1 27)
0 2 0 Fourth +2
0 O -1 .. Repeat
0 0 0 ..| Repeat
0 -2 0] Half -2
2 0| Half -1
| 0] Half
em” =<1 1 0 =1 0 0 .. 0 0 2]
Col 123 45 6 .. Half -2 Half -1 Half
For case 6, when N is odd, N — 1 is divisible by 4 but
N - 1 is not divisible by 8:
© 2010 Blackwell Publishing Ltd | Strain (2011) 47, e555-e57| e565
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Half = (N +1)/2
Fourth = (N —1)/4

Row :
-1 2 -1 0 1T 1
0 -2 0 0 .. 2
2 0 -1 0 .. 3
o 0 0 0 .. 4
o 0 1 0 .. Repeat
-1 0 0 0 .. Repeat
Nu Y o0 2 -2 . Fourth (28)
2 -2 0 2 .. Fourth +1
0 2 0 0 .. Fourth +2
0 -1 0 ..| Repeat
1 0 O ..| Repeat
1 -2 0| Half -2
1 0] Half —1
| 0| Half
Dem?=[-1 1 0 =1 0 0 .. 0 0 2]
Col 1 2 3 45 6 .. Half -2 Half -1 Half
For case 7, when N is odd, N + 1 is divisible by 4
and N + 1 is divisible by 8:
Half =(N+1)/2
Fourth = (N +1)/4
Row :
(-1 =20 1 0 .. | 1
1 1 -1 0 0 .. 2
0O 0 0 0 .. 3
o0 -1 0 .. 4
1 0 0 0 .. 5
o 0 1 0 .. Repeat
-1 0 0 O Repeat
Num'/* = -1 0 2 O Fourth —1 29)
o2 2 -2 0 .. Fourth
2 -2 0 0 .. Fourth +1
0 0 -1 0 ..| Repeat
1 0 O ..| Repeat
0 1 O] Half -2
1 0| Half —1
i 0] Half
Dem’>=[-1 =1 1 0 0 0 .. 0 0 2]
Col 01 2 3 45 6 .. Half -2 Half —1 Half
For case 8, when Nis odd, N + 1 is divisible by 4 but
N + 1 is not divisible by 8:
e566 © 2010 Blackwell Publishing Ltd | Strain (2011) 47, e555-e57|
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Half =(N+1)/2
Fourth = (N +1)/4

Row :
(-1 -2 0 0 0 1 1
1 2 -10 0 .. 2
0 0 -1 0 .. 3
1 0 0 0 .. 4
o o0 1 0 .. Repeat
-1 0 0 O Repeat
Num'/* = -1 0 2 O Fourth —1 (30)
02 2 =20 Fourth
2 -2 0 0 .. Fourth +1
0O 0 -1 0 Repeat
I 0 0 Repeat
1 0] Half -1
L 0] Half
Dem’>=[1 -1 1 0 0 0 0 0 2]
Col 1 23 456 Half -2 Half -1  Half

As the new formulas were developed from the
algorithms, numerical calculation, instead of analyt-
ical demonstrations of trigonometric relations, is
necessary to check them. It is believed that a large
number of numerical tests can validate or verify these
new formulas, or at least reduce the chance of these
formulas being wrong or false, to a minimum. The
goal here is to verify that the new formulas really
calculate the tangent of the phase [tan(¢)]. For that,
real figures are attributed to random I, that ranges
from O to 128 that are assigned at random to real
values, I, that ranges from O to 127, and the cosine of
—1 varies by 1 to the values of luminous intensity I
will be between 0 and 255 that is the range of values
of pixels obtained in monochrome digital photo-
graphs. It is interesting to note that the digital images
and values are intact here to further enlarge the test
in which they are made real. They are also assigned
values to real random ¢’ that varies from -z to =,
tracking common algorithms used on the main un-
wrapped. Real values are assigned and the random ¢
that ranges from —10z to 10z, a very wide range of
possible values of step phase. The values of Iy (lumi-
nous intensity of the image) are calculated, with k
ranging from 1 to N. The new formulas with the
values of I are applied, giving a tan(¢) that must be
compared with the value of phase randomly assigned

cos(0/2) =+ 4{};}3)
I — Iy = 2I,sin(¢") sin(36/2)
I, — I3 = 21, sin(¢") sin(6/2)

even N =4

(¢”). This comparison is the accuracy through a very
small n because the number of rounding errors that
can occur in the calculations, say, precision |¢’ — ¢| <
107°. This was done thousands of times (at least
10 000 times) for each formula for phase calculation.
It generated and made up of at least 99.9% of the
time with an accuracy of 107°. Thus, it was believed
that the chances for the formulas to be wrong or false
have become minimal or remote.

Before Unwrapping, Change ¢ € [0,7/2] to
¢* € [-n,7]

Because of the character of the evaluation algo-
rithms, only phase values ¢ € [0,7n/2] were calculated.
For unequivocal determination of the wrapped phase
values ¢ it was necessary to test four values ¢, —¢, ¢
—n and —¢ + = using values of Iy and small systems.
With this, the value ¢* € [-n,7] was obtained [3-6].
In case N = 5, with I, I, I3, I, and Is, 6 was found in
the first equation and the values ¢, —¢, ¢ — mand —¢
+ n were attributed to ¢* to test the other equation
and I, was found using a second equation. As an
example, for each (x, y) it was tested for the four
values ¢, —¢p, ¢ —n and —¢ + n in (addition and
subtraction of first, last and middle frames, the Iy):

Gh

(I +14) — (I + I3) = 21, cos(¢™)[cos(36/2) — cos(/2)]
I — Iz = I[cos(¢™ — 35/2) — cos(¢p™ + 5/2)]

© 2010 Blackwell Publishing Ltd | Strain (2011) 47, e555-e57|
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cos(0) = 2(}27;4)

I —Is = 21, sin(¢") sin(2.9)

(2
odd N =35{ 1, — Iy = 2I,sin(¢") sin(5)
I +Is — 2.I3 = 21, cos(¢™)[cos(2.9) — 1]
I + Iy — 2.I3 = 21, cos(¢*)[cos(d) — 1].

(32)

In a different approach, for unambiguous deter-
mination of the wrapped phase values, it is necessary
to test four values ¢, —¢, ¢ — n and —¢ + = using
values of Iy and to solve small nonlinear systems
(Newton-Raphson methods). For each angle ¢, —¢, ¢
- n and —¢ + 7, solve the nonlinear system by New-
ton-Raphson in Equation (25), getting the values of
I,, I, and /.

I — (Im + Ia Cos [¢ * +(2.272]\I,1)5])
13 - (Im + Ig COS [¢ * _&.(243—2[\7_1)5])

I = (I + I cos[¢ = +(2150=1)5]) = 0
{ 0 (33)
0

With the values of I, I, and o, test the Equation

(36) and find the correct angle ¢* € [-=,n].

(34)

{14 — (Im + I cos [ = +(248=1)5]) = 0

IN— (Im + Lo cos[¢ = +(2=F=1)5]) = 0

Testing and Analysis of Error

The phase ¢* obtained from the phase-shifting algo-
rithm above is a wrapped phase, which varies from
—n/2 to n/2. The relationship between the wrapped
phase and the unwrapped phase may thus be stated
as:

Y(x,y) = ¢"(x,y) + 2mj(x,y) 35)
where j is an integer number, ¢* is a wrapped phase
and ¢ is an unwrapped phase.

The next step is to unwrap the wrapped phase
map [10]. When unwrapping, several of the phase
values should be shifted by an integer multiple of
2n. Unwrapping is thus adding or subtracting 2=
offsets at each discontinuity encountered in phase
data. The unwrapping procedure consists of finding
the correct field number for each phase measure-
ment [11-13].

The modulation phase  obtained by unwrapping
physically represents the fractional fringe order
numbers in the Moire images. The shape can be
determined by applying the out-of-plane deforma-
tion equation for shadow Moire:

e568
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pl¥Y(x,y)/27]

(tano + tan f3) (36)

Z(x,y) =

where Z(x,y) = elevation difference between two
points located at body surface to be analysed; p =
frame period; o = light angle; f = observation angle.

The experiments were carried out using square
wave grating with 1-mm frame grid period; the light
source is the common white of 300 W without using
plane waves; light angle (x) and observation angle (/)
are 45°; the object surface is white and smooth and
the resolution of photograph is 1 megapixel. Phase
stepping is made by displacing the grid in the hori-
zontal direction in fractions of millimetres (Figure 3).

To test the new algorithms for phase calculation,
they were used with the technique of shadow
Moire [14] for an object with known dimensions
and to evaluate the average error by Equation (37).
This process was started with four images, repeated
with five, then six and so on. The idea was to show
that with increasing number of images the average
error tends to decrease. Figure 4 shows this
procedure.

Error Median(E

MZ|Z - Zi| (37)

where M is the number of pixels of the image, Z{ is the
exact value of the size of the object being measured
and Z; is value measured by the new algorithm.

To compare the new algorithms for calculating the
phase, 21 sets of 16 photographs each were selected.
Each set was computed using the average error of 4 to
16 images and using algorithms to evaluate the
number of images. An average of errors was esti-
mated, then 21 sets were evaluated using 4 to 16
images in each set (ua,us, s, ---,1116)- The hypothesis of
testing on the difference in the means p, — pp of two
normal populations is being considered at the
moment. A more powerful experimental procedure is
to collect the data in pairs — that is, to make two
hardness readings on each specimen, one with each
tip. The test procedure would then consist of analy-

Axis perpendicular to the grid

i Observer
Light a

Grid

Object - Distance = Z

Figure 3: Layout of experiment
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Figure 4: One set of photographs of 1 megabyte. Original shadow Moire images; 16-frame phase-shifting algorithm [A-P]. Wrapped
phase [Q]. Result in 3D [R] (Semi-cylinder of a motor with diameter 6 cm, length 12 cm and with frame period of grid 1 mm.)

Table 4: Error median error in ym versus number of frames (N) for semi-cylinder with diameter of 6 cm and length of 12 cm (frame
period of grid with 1 mm). It used 21 different sets of 16 images of shadow Moire (Figure 4)

Error median (um) Sets of images
No. images Equation | 2 3 4 5 6 7 8 9 o 112 13 14 15 16 17 18 19 20 2l
4 a 126 127 126 126 127 129 129 127 129 127 129 127 127 128 127 126 128 126 126 125 127
5 a 124 122 123 122 124 123 124 121 124 121 124 122 125 125 122 123 124 122 124 122 122
a 120 117 119 119 119 118 118 119 117 117 119 121 119 120 120 117 120 120 118 120 119
b 118 119 117 119 120 117 119 117 118 117 119 118 119 120 119 118 117 119 118 119 120
c [19 120 119 119 120 118 117 118 118 117 117 119 120 120 119 120 121 118 118 118 117
d [18 119 120 118 118 120 118 121 118 120 117 120 120 120 118 117 118 120 117 118 118
e 120 118 117 117 119 119 118 117 118 117 117 120 119 121 120 117 117 118 121 117 120
7 a [15 115 (14 113 16 115 114 115 115 116 113 116 113 113 116 113 116 114 114 115 115
b [16 114 115 114 116 114 113 115 116 116 113 115 116 117 116 116 116 113 116 115 115
c [13 114 114 114 115 113 116 113 116 113 116 113 116 114 116 116 115 116 114 116 113
d [15 115 116 116 114 113 115 113 117 113 114 117 114 115 114 113 114 114 113 115 114
8 a 109 110 110 109 110 112 112 111 110 110 109 112 110 112 110 111 109 109 112 108 108
b [0 112 trt 2t 12 112 109 110 1o 1o 109 1t 110 110 108 112 110 110 109 109
c (12 110 e 2 e 112 110 108 1otk 109 1o 1o ek et 12 112 109 110 109
d [Er 109 1 109 110 1tk 1rr 109 110 110 109 110 112 110 112 109 109 110 110 109 112
9 a 106 107 105 105 105 106 105 108 108 105 105 108 107 106 105 105 104 105 106 108 108
b 108 108 106 108 106 107 105 106 107 108 107 107 105 105 104 105 107 105 105 105 106
c [05 108 108 104 105 104 106 105 105 106 107 106 106 105 105 108 108 105 108 106 106
10 a [00 101 100 101 103 10l 104 101 103 103 104 102 102 102 (Ol 10l 103 10l 100 103 103
b [03 102 103 10l 100 103 102 102 103 10l 102 10l 102 103 100 103 100 102 104 102 103
c 104 102 102 103 100 104 102 102 10l 104 103 100 102 102 100 104 100 103 100 IOl 102
Il a 97 99 99 99 97 97 96 99 97 9% 99 98 98 98 98 100 97 98 98 98 96
b 97 99 97 97 98 98 (00 99 100 97 96 98 97 97 97 97 97 98 97 98 98
c 97 99 98 98 97 96 97 97 9% 97 97 99 98 97 96 97 99 99 97 99 100
12 a 95 93 9% 94 94 94 92 93 95 93 94 94 96 93 94 95 96 94 93 92 92
b 93 92 92 94 9 92 95 93 94 93 95 92 96 93 96 92 93 93 95 94 95
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doi: 10.1111/].1475-1305.2009.00655.x



Generalisation of Carre Method : P. A. A. Magalhaes Jr, P. S. Neto and C. S. de Barcellos

Table 4: (Continued)

Error median (um) Sets of images

No. images  Equation | 2 3 4 5 6 7 8 9 o 112 13 14 15 16 17 18 19 20 2l

I3 a 92 92 91 88 9 89 8 91 90 83 8 8 8 90 9 8 8 90 90 8 9l
b 88 91 91 8 9 8 8 91 8 9 8 8 91 8 8 9 91 92 91 90 09I

14 a 85 87 83 8 8 84 8 8 84 8 84 84 84 8 8 8 84 84 86 84 87
b 87 8 87 8 8 87 8 8 8 8 8 8 8 8 84 8 87 8 84 87 86

I5 a 83 82 8 8 84 8 8 8 8 8 8 8 8 8 8 8 8 8 8 84 84

16 a 80 78 78 8 79 8 79 8 8 79 8 78 77 78 79 8 79 79 79 78 8l

Table 5: Testing hypotheses about the difference between two means with paired t-test, Hp:us — up = 0 against Hyiy — up # 0.

The P-value is the smallest level of significance that would lead to rejection of the null hypothesis Hy with the given data

p-
va-
lue  No. images and formula

No.
ima-
ges
and
equ-

tion 4 5 6 7 8 9 10 I 12

5 a0%
6 a0%0%
b 0% 0% 17%
c 0% 0% 49% 55%
d 0% 0% 52% 57% 98%
e 0% 0% 20% 85% 49% 53%
7 a0%0% 0% 0% 0% 0% 0%
b 0% 0% 0% 0% 0% 0% 0% 10%
c 0% 0% 0% 0% 0% 0% 0% 95% 17%
d 0% 0% 0% 0% 0% 0% 0% 85% 13% 79%
8 a0%0% 0% 0% 0% 0%0% 0% 0% 0% 0%
b 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 81%
c0%0% 0% 0% 0% 0%0% 0% 0% 0% 0% 45% 51%
d0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 98% 78% 34%
9 a0%0% 0% 0% 0% 0%0% 0% 0% 0%0% 0% 0% 0% 0%
b 0% 0% 0% 0% 0% 0% 0% 0% 0% 0%0% 0% 0% 0% 0% 8%
c 0% 0% 0% 0% 0% 0%0% 0% 0% 0%0% 0% 0% 0% 0% 100% 82%
10a 0%0% 0% 0% 0% 0%0% 0% 0% 0%0% 0% 0% 0%0% 0% 0% 0%
b 0% 0% 0% 0% 0% 0%0% 0% 0% 0%0% 0% 0% 0%0% 0% 0% 0% 77%
c 0% 0% 0% 0% 0% 0%0% 0% 0% 0%0% 0% 0% 0%0% 0% 0% 0% 75% 97%
I1a0%0% 0% 0% 0% 0%0% 0% 0% 0%0% 0% 0% 0%0% 0% 0%0% 0% 0% 0%
b 0% 0% 0% 0% 0% 0%0% 0% 0% 0%0% 0% 0% 0% 0% 0% 0%0% 0% 0% 0% 77%
c0%0% 0% 0% 0% 0%0% 0% 0% 0%0% 0% 0% 0%0% 0% 0%0% 0% 0% 0% 55% 83%
122 0%0% 0% 0% 0% 0%0% 0% 0% 0%0% 0% 0% 0%0% 0% 0%0% 0% 0% 0% 0% 0% 0%
b 0% 0% 0% 0% 0% 0% 0% 0% 0% 0%0% 0% 0% 0%0% 0% 0%0% 0% 0% 0% 0% 0% 0% 46%

13a0%0% 0% 0% 0% 0%0% 0% 0% 0%0% 0% 0% 0%0% 0% 0%0% 0% 0%0% 0% 0% 0% 0% 0%
b 0% 0% 0% 0% 0% 0% 0% 0% 0% 0%0% 0% 0% 0%0% 0% 0%0% 0% 0% 0% 0% 0% 0% 0% 0% 61%
14a0%0% 0% 0% 0% 0%0% 0% 0% 0%0% 0% 0% 0%0% 0% 0%0% 0% 0% 0% 0% 0% 0% 0% 0%
b0% 0% 0% 0% 0% 0%0% 0% 0% 0%0% 0% 0% 0%0% 0% 0%0% 0% 0%0% 0% 0% 0% 0% 0%
152 0%0% 0% 0% 0% 0%0% 0% 0% 0%0% 0% 0% 0%0% 0% 0%0% 0% 0%0% 0% 0% 0% 0% 0%
16a0%0% 0% 0% 0% 0%0% 0% 0% 0%0% 0% 0% 0%0% 0% 0%0% 0% 0%0% 0% 0% 0% 0% 0%

0% 0%
0% 0% 15%
0% 0%
0% 0%

0% 0%

0% 0% 0%
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sing the differences between the hardness readings
on each specimen. If there is no difference between
tips, the mean of the differences should be zero.
This test procedure is called the paired t-test [10].
Specifically, testing Ho: ua — pp =0 against Hj:
ua — g # 0. Test statistics is ty = D/(Sp/N21) where
D is the sample average of the differences and Sp, is
the sample standard deviation of these differences.
The rejection region is ty > t,/2 20 OT to < — t,2,20. The
data are shown in Table 4.

On performing the statistical test (Ho:ua — up =0
against Hj:puy — g # 0) it was noticed that one
cannot reject the zero hypothesis when using differ-
ent algorithms with the same number of images.
Furthermore, the null hypothesis can be rejected
when using different algorithms with different
number of images with level of significance (x =
0.05). It was concluded that the algorithms for phase
calculation with a greater number of images are more
accurate than those with smaller number of images.
The tests are shown in Table 5.

Conclusions

This paper deals with the algorithms for phase
calculation in measurement with images method
using the phase shifting technique. It describes
several multistep phase-shifting algorithms with the
constant, but unknown phase step between the
captured intensity frames. The new algorithms are
shown to be capable of processing the optical signal
of Moire images. These techniques are very precise,
easy to use, and have a small cost. The results show
that new algorithms were precise and accurate. On
the basis of the performed error analysis it can be
concluded that the new algorithms are very good
phase calculation algorithms. These algorithms also
seem to be a very accurate and stable phase shifting
algorithms with the unknown phase step for a wide
range of phase-step values. The metric analysis of
the considered system demonstrated that its
uncertainties of measurement depend on the frame
period of the grid, of the resolution of photographs
in pixel and of the number of frames. However, the
uncertainties of measurement of the geometric
parameters and the phase still require attention. In
theory, if we have many frames, the measurement
errors become very small. The measurement results

© 2010 Blackwell Publishing Ltd | Strain (2011) 47, e555-e57|
doi: 10.1111/].1475-1305.2009.00655.x

Generalisation of Carre Method

obtained by the optical system demonstrate its
industrial and engineering applications in experi-
mental strain analysis.
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