
7 - Concluslons

The Mllil;M local schane lus beu briefly outlinod. Tais pioccdine lod to: roduced oomputatiaial
eHoit; mmtainal the primitivo vniable acauiaq lwd; and the socondaiy vaiiabln, nfnd hae as

flua, with the some levei of piocision as tbe anos oomputod on the bounütia by the 81obl
piocedure. Amon8 the fiist pioblems solved, typial one is lxcsaitod which iUuHates üe oonvaBaice
pn)paria of MLGFM a8 00mpaied to a mixod FE lbmiulation whidi is üe one in the IUM lbmily
which most resembles the MLGFM. ' ' ''' ''"'''r

We cave vaified that boundary elanents incieau the accunq md the nte of oonvergence, evm
by usin8 FEM to oompute the Gieen's hnüion pmüectionB. Thcse iesults suggesb its uu lbr other
nonlinear oontinuum mechanics problema suco as fluid flor and plagicity.
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ABSTRA(l
An itaative procedure is developed íor the compulations of the secondary variables in the macrocells.
Using a Somigliana's Identity and the (ireen's fundion projections oomputed on a micmcell. it is detlned
a boundaty integral equation involving both principal and secondaíy variables on its boundary. 'His
equation, combined with the definition of the appaient fluxos and with a continuily condition across

intanal interfaces lead to a classical Frodholm integral of second kind for the apparent fluxes. A
disadized üonn ofthis oquation is usod in an itaative scheme peúormed on sweeps over all microcells
which derme each macrocell. Tests are pedbmnd on one standard nonlinear heat üansfer problem.
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i- moDUcnoN
In accompanying paper. Part 1. we introduced the first variation of the Green's function Mdhod.

The Benaal global mdhod inüoduced by Salva, 1 988. was applied to each cell indo)endently. the cell
anays wae assembled. the compatibility conditions at cela intaíaces were imposed and the eomplde

system was solvod. Bcxnuse the cells can be made of high orla single elements as well as multiple
clements and the solution can be obtainod only for the tmaions or fluxes normal to the boundary of the
cêll, it banmes neccssaly to use some post-pucessing to ddamine the fluxes(or stresses) in the intalor
ofcach cell. The fins ptucedure usei for tais post-piocessing was presentod in Pan 1. Each cell. callal

maaoccll. was oonsidaod as an indqntdent problem. with loadings and boundary oonditions known
hom the Ru'st stop of píoccssinB. It was divided into a ncw mesa of bilincar celas, callad mictucells. and

the solution at the new intanal boundaries was found using the some plocedure usos in the first step.

T
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In tais lupcr, we pesait a sooand $cbane wlüch an be uscd dtha fu poü-ptocessinB üe
nesses in adt individual high adcr cdl Insead ol' assanblin8 the anlay8 0f 8ll nüauodl8 0f the
macrucdl being poK-pucessod as bcfon, local plüblcms aK ddinod lu acb miaocdl and 80lvod

"mü dy h w.W o"« üe «a-ail, d"üB úalulmmusly Hxod-natioas âu boü the píü-wy
variabln md the flua. Contiary to the assanblod mdhod, hae the oonva8nn i8 dgendent on the
choioeofthepaamacr c in the definition oftheaH)aient fluxo.

F' (pÜ = -if ' u' vu' ).t d d(pü, (4)

whae the fins tam is the appaent heat flua thlwgh the intafaw leasing thc cell Z to the cdl m i the

stand tam is the leal nonlinear physical flow which shows on the third tam in Eqn.(2).

Thc oontinuiq oonditions oftanpaatun and hcat fInE through a gencric intaíace l-m is

'lbe itaative proçedure íor the pog-pioccssin8 piuait some advmtages ia ü«tuas what
oompaod to bota Mixod rinite Elanait Mahod md the Assemblod Fome desaibed in Pba 1, as wi in
the numaico] t«s peráormod. 'lbe fomiulation is dwdopod and t«od lacre lu a nonlincar Pb non

pioblem, althouBh all the stqs indicated are intendod to be applicable to other dinila' boundary value
problema, e,g., linear elasticity.

/'(p) = -.f''l(p) -+ -n' '(/ V&') = n' '(Z'V/)
B'(p) =d (p) + Ri" R' '(Z'Vu') (5)

whae a' md n' ne the unir vodors noriml to the intafãoe /-m , pointing outward the celas l and m
rcspeaively. The(bdiPwfQ(büülonjuríhc 4pparew rima at the interface is:

2 - DEFiNmoN OF 'iin NONLiNEAR PROBI.EM IN INTEGRAL IDRM.
l;'"(P) H'(P)-qhJ;"''(P). (6)

La us oonsider the extatsion to the linear boundary mine problem statod in Eqn.(1) ol' Pbrt l:

-V'Z(#)Vu= Ó(P), Pen
u(P) p), per. (1)

- n ' ZV# n /(P)

whae clh - (c' + C') , Cah « (C' RB" + 1) and R''í is thc oontad resiüance at the interface Now we use

Eqn.(3) to diminate u'(p) &om(6). obtaining an integral oquation involving one fole unknown. the
alq-iait fluxos:

Fh(g) Àt. [cf"G'(p,gy -cf õ(p,q)] Fn ar, -d'àiJ;. G'(P,gy [@vH)'nj#'dr,

+ Clhla. G'(P,qy [b(P)+ V'(pVu)]dQ,, P, q €1'.. P Enl.

H

'lbe maüix Z is the anisanopic nonlinear thamal oonduaiviy of the mauial, danmposal lacre
asZ(B)f = z.# +p(H)Í, J,J = 1.. 2. AU olhei nccessaiy definitions in Eqn (1) an the some as those

shown in Pün 1. Eqn.(lc) Riso de6ines the nomial heat flua leasing üe body. The wd8htod raidu81
expression daívod fiam (1) is (sn Mendonp. 1995):

(a

To enf«oe unihrmity in the farmulation, the tam J;''i appearing in Eqn.(6) was inüuducod in thc fint

boundary integral in(7) by means of the delta flinaion. It makes a balance bawan the qpa/nlr.f&a

aomhB to the odl J üom the cdl m, with the nd appaimt flua ttaouBh all faca and the soou appliod
incide the cela. Wc iqxcscnt thc ficlds in thc cdl l by:-.[a# V'(«Vw)dQ +ir#(Z:Vw) 'nd' -j.w(ZV#)'na'

+ .Ê w V '(P V&)dQ -ji wWvu) ' ad'.
(2)

F'' (q) »[+' (g)] F'''',

[@(H)Vu) ' a](q)
[b(P) + v'(P(B)vu)] = [V(p)][Ó. + ÓN].

F'(q) =1+(g)]F' .

u(P) = [W(P)]u '.
We oonsider the qrstem domain n under a)nsidaation to be divided isto eCUs n. with

boundaries I'.. Each of the Equations(1) to(2) can be iewíitten ím an individual odl. althoudi the

oonditions at its boundary an a plülf unknown. We can choose the weighting hndion to wilfy the
AuxiliRry Ploblan delined in Eqn.(5) of Pbrt 1. Thcreforq a modifiod SomiBliana'8 IdantiQ

similar to(6) in that papá can be found fa the genaic cdl t

(8)

with q €1'. and P eQ, . F' is the veda' with the nodal values(or genaalized oocfficients) of thc
Hpparent flua on the boundaíy ofthe odl 1.. &. and óN are the vcctas with the linear and nonjinear nodo

vducs of the soulccs indiatod in the leâ band sido of Eqn. (8e). The antays [+(q)] and [p(P)] an

ptüpaly definod amys ofbads íunctions, intarrdatod as describod in(Mendonp, 1995). In pmicular,
wehave hcrethat [p(P)] c /1'((2). The index Zot indicatethe intafan /-m, and c and d indicatn noül
mues on boundary and domain resp«ively.

yH'(q) êi.J; , G'(p,qy l;''d', 1. a(P- Çy [Ó(P) + V '(pV#)]dQi

2íÍr. G'(P,gy [(P V#) 'n]' d]',. P,g C]'í , PEQ,.

H'

H' (3)

ApplyinB(8) in(7). subgituting the summation anata by thc gandnd mabix-vector píodua,
and usin8 [+(q)] as wdghting fbnUions we have:

'lbe boundary intcgials an split Im showin8 üe oonüibutions of ach intafan wíth the
neighbonn8 cells. I'z, is the intaface bawaHI the ceU Z md a ndghbor odl M\ and I'i » UI'au and
n I'a = a for m = 1..À/. The qppzm#.#m shown in the sannd tam is nonlinearand is definem as k.. [+' (0]' [+''U)]a'. lf'''' - -cf" b. IÍI.. [+' (ç)]' c'Q.çy a'.l]+(»]a'. }/i
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+ CiÜ lÍa. lt. [+b (g)]' 6'(P,gy d'.l]+(p)pari [b. + &#]
Ü. h. [q'']+'@]' c'@,d' -a" [+''ü)í óo,ç)]ã'.l] o)]a',}f''.

(9) The inicial dgribüion in gg a) fbrthe Local ltaation can bc ddinod as the oonvcrged values of the lag
nonlinear itaation.

The talas indde each bmckct can be idcntifiod with maüiccs defined piwiously. The itaative
schane describod in the nexo sntion will be basod on the fbUowin8 two alBd)iaic oquations ddinod for
eadi ceU /:

4.4 i'iERAnONS IN 'mE MACRO(ELLS

In this soúion we give an ovcrview ofthe gqs nnessary in the oompldc analysis and the use of
the formulation dcsaibed above as a post-píucessor.

Of'' - [qj[F[[Ó. + h] . {]q]]E] - [c:]]0J}F' -]c.]]r]/,i ,
o&'nrp'+p'ló.+hj "' ''"

wherethe fira upression is the matriz fbmn oonesponding to(9) and the noond is Eqn.(7b) shown in
Pari 1. Theamys [q] and [q] are anvalimtly definod diagonal maaiu lbnnod by the oongmü cü'

a
(10)

3 - SOLUUON 0F THE LOCAL EQUAnONS
a) Discrdization ofthe sygan

domain Q into mactooells l.
b) DiKrdization of the maauoell

Z, lato microcells l.

The genial outline of the sohüion schemc is 8ivcn bclow, whcrq to impiove clara'u llro fi'-'
oonsider the linear problem only, i.e.. P(H) u 0. óN n/l nO. ' - '-"z "" -un

Figun 1 - Macio and miaoceUs

a) Choose inicial disüibutions lbr the potcntial #' and flua in the riBht band sida of Eqn
tais deHmes the modal vodors 1;« which oompon F in Eqn.(l(h);

In the first üq) of the analysis, the system domain and boundary are discrdizod in macrocdls as

dqiaod in Figure 4.la. The primary and s«nndaiy unknown variables. tanpaature and normal fluxos

respoctively in potcntial pni)lan$ are oomputod at thc local bounüries I'. of the macrocclls, using thc

'Assanblod Local Fonn' lxcsented in Püt 1. The oomplae solution wiU roquin a sooond gq) of
piumsinB, unlcss thc macitx=Us an oomposod by dngle bilinair quadrilataals ar linear üiangul©
clancnts. Thaeímc. caca maaocdl is takat individually as an isolated ploblan and disadized in
subcclls as shown in Figtae lb. This problem is then solvod using thc loal itaative prooedure pitsattod
in the fim Sodions of this alticle.

(8), for aU edis;

b) Paform a sweq computing the fluxes, i.e., for caca cell / do:

bl) Choose the arbitlaiy oonstants cb [latcr we shaU discuss this piocedurel;
b2) Compute the aniays involved in Eqn.(l(h), as well üs ó. ;

b3) Compete f'''''J fu aU faces of üe cdl;
b4) Uw the oontinuity equation(6) to oompute l;''i ; In this sa»ndary analysis, the boundary amditions fm each nuaooell we known fmm the

soltúion ofthe fiiü stq. But we n«ice that, lince the fins stop of proccssing ploduced bcÉh tcmpaatues
and numas flores on I't. in the seoond stop we an in the unusual situation of having available bah

magnitudes to use u boundary oonditions. Due to the itaative sature of thc prondure, tais is rcadily
inQolpomted hto the schane.

c) Tag the arrors by oomputing the difíamce büwani the fluxos obtainod in the laü two itaations;

d) Paform a sweep oomputhg the tempaatum using Eqn.(l(b); T« aiurs in the tempauuies;

In the can wherc pait of the local boundary I'ü be]ongs to the g]oba] boundaiy I'., the
tcmpaatiale valucs givai thcre as boundary oonditions For thc seoond stq) of the analysis wíll be exact,
bmun thqr an the aad bmndary oonditions of the pn)alem; oonnqucntly only üe fluns thae are
lpptoximatq becnunlhq fere oomputod in the fira üq of the analysis. The swmd caso whae part
of I'& belonBS to I'/, the discuwion is analogous, cxoept lu intachanging of the words 'tanpaature'
md "nomtal fluxos'.
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Tbe third cau happens wben the maaoccll b oomplddy intaior to the qrúem domain, l.e..
I'& nl' = a. Hae tnipaatue md nomial fluxos on I'& an bola apFoxiinated. Thcre is no nnd la

dioose arbiüary initia] values ãu the apprcnt fluxos on the boundary befue the fins itaaüon. Ingead.
we use Eqn.(4) to oompute f'H(p) #'(p) - .f(pX p el'. , md then, oondderinB absaioe of ooiwd

resistance. we have that(soe Mcndonça, 1995) Fü(p) = f'u(p) + 2/(PI p C:l'&. where üe right band
pide ofb«h expressions ne now entirdy known ftom the iuults ofthe fira stq ofpiocessin8.

Figtare 2 shows the alba Ef of thc flua for a mesh of 4x4 bilinear mactocdls, with each one
modelod by a mesh of2lt2 miaocdls, as a fünüion of NITL fm two different values of c. Hue we see

Riso a genaa] tatdmcy: the pior filst dit»s quiddy in the fira ar sannd itaations and then gabi]izes in
a nearly flat pah.

Figures 3 to S show thc relativo aiu Effor thc flor in the domain at the local ltaations 2 and 4

as function of c. fu meshes of biquadiatic and bicubic maaocdls. In pese Figures we can see some
gmaal tendencics lollowed by all gudiod:

5 - NUMERICAL RESULTA

The teg oodn dwdq)od and the modela run bate the following chanctaigial:

Macioçells are oomposed by a single lagiangian elanent ofpo]ynomia] arder p s 3;
Each nuciuoeU can be divided in meshc$ of UP to 5x5 bilincãr miaoceUq

There is a vague of c fu which thc aTEr fm the ILG is minimum;

The clave Ef x c is relatively shallow, rwealing low sendtivity of the rcsults with G

The pior Ef fu ILG is oonsidaably smaller than the aiors obtained dther by ALG or Mixal FEM;

ObsavinB Figures 2 and 3. wc sn that the valuc of c ía minimum alors, CH changn
oonsidaably with the mesh inda M, thacfoie wc make a fim effürt in timing to produce an egimatn

cr.fto localizeat last tougNy the region of lower amas.(X)saving other resüts(Mendonça, 1995) for
M = 1 to 4 nlspoüivdy, we see that (» is diffamt for each Local ltaation NI'll- 'lbaeforc. to simplify
the üsk, we will dax the seoond Local ltaation as our gaal. For thc biquadmtic mactocells wc have
chosat the R)llowing esümatar

In the Figures shown next, the following notation is used;
EF...l

'im' (12)

Ef. Eu
ALG - Rdative alu of the kmpauun and flua in the doinain, definod in Eqs.(2D in Pbit l;

- 4aaiÜlà/lau/ Goza ; Indicates iesults obtainal in üe solution ofthe Ptoblem
l in Pari l;

Zlflwíue Zau/ (»?a Mahod. Indicatn rnults obtained by thepiocodures desaibed in
the lxesent papa;

mcl, Mcl - miciuceU and Maaucell re9ecttvely;

NITL NITN - Numba ofLocal ltaations and Numbeí of llbnlinear Itaations respoaivdy;

M, P - Mesh pammaer. Indicates a regular MxM mesa ando is clepnoflhe polynoinial uiod;

Rr . Rebtive Residue in the nonlinear itaaions, 8iven by Rr w IRw,n - Jqww..l2/IRwlzwla .

whae thc matriccs X. and X, are defined in(Mendonça, 1995). Figures 3 to 5 show g«)d agcement

fm diHucnt macromcshcs, and for 2x2 and 3x3 micrucells per macmcell, Othn rnults algo show that

cmÍ givcs 8ood indications n(X only íor the small dor zone of the fluxo. but algo fu thc potencial. Due
to the sma]] sensitivity and íag rales of oonvaBences, Gpf seems to indicatc ooirectly the begindng of the

low alu reBions ü)r ltaations 3 and 4 too. Tliis íüture snms vay oonvenient, lince we do nu intend
to un maná mon than two itaatims

lln

5.2 - PROBLEM 2

'lhe Taxar R is the residue in the algd)iaic nonline8r equations. Tbcse iiaüions an pahnnod

until Rr s qPI . Aâcr cach itaaion is paíarmed. the solution is usod to oompue the updated soma óN
as implicitly defined in Eqn(8) and the residue Rr . '- -"

In tais pioblem we want to aplxoximate the solUion to thenonlinear cxtmsion ofPni)lem 1. The

nonlincariry is introduood by usinB a thcrmal anducdvity in the hrm k(H) = a. + q H . The source tmn
is definod by -q, b(x,y) = q (u: +il.; ) + (a. + a. u)V'#, whue

S.l - PROBLEM l q: #(r,y) = (pl': - a.)(d" -a.),
P, +q8(l.: -x'),

q #.. (l,y) p;':(pl': -a.)
p +a.8(l: -y:) (13)

In this tat we will evaluHe thc behavior of the sdieme to solve the Bandud linear piublan
defined in (1), with Z = /. b = -1, 1'. = 1' and ü' = O on a squKe of sidcs 2x2. The funaion B#.yJ in Eqn.(13) not only dcfines the sourw tam, but it is aln the solution fm the

ptüblem in a ruan81e with sidcs 2C x 21,, with H= 0 at the boundarin. Fcn thc oomputations we have
chorai 8. The nutaia] piopaty oonstant q was sd equa] to 1.0. The matagal eongant al

which 8ivcs acoount ofthe nonlicarity was chosen to auume thc valucs 0. 1. 0.S and 1.0 in thc tcgs.
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the mteofoonvaBaice. cones or zx;z and 4x4 maaucdls. We ndioe an aanltuatod diHuaiae in

MÉTODO DE SOLUÇÃO NUMÉRICA DE ESCOAMENTOS INCOMPRESSiVEIS
GEOMETRIAS COMPLEXAS

E. R. Ronzani
A. O. Nieckole
Departamento de Engenharia Mecânica
Pontifícia Universidade Católica - RJ
Rio de Janeiro. RJ, CEP 22453-900 - Brasil

6 - CONCLUSION

SUMÁRIO

Neste trabalho é apresentado um algoritmo para a solução numérica de problerr
do escoamento de fluidos incompressíveis em sistema de coordenadas curvilíneas nê
ortogonais generalizadas. utilizando a técnica de volumes finitos. O problema
acoplamento pressão-velocidade é solucionado usando uma combinação das equações
continuidade e da quantidade de movimento linear. gerando duas equações de correção
prossãa. Resultados da aplicação do método são apresentados
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Métodos numéricos para a solução de problemas envolvendo escoamento de fluid
em geometrias regulares estão bem desenvolvidos atualmente. porém na maioria d
aplicações em engenharia as geometrias encontradas são complexas. Estimulado pt
desenvolvimento de vários métodos do geração do malhas curvilíneas que s8 ajustam a
formatos dos contornos. novos algoritmos passaram a sor desenvolvidos usando L
sistema do coordenadas não-ortogonais generalizadas, permitindo o uso de malh
adaptáveis a geometria do domínio físico do problema a ser solucionado. Os seguint
trabalhos om coordenadas generalizadas podem ser citados: (Maliska. 1984)l (Perlc,198
(Shyy ot al..1985); (Roggio e Camaroro. 1986)l (Hadjisophocleous et al. 1988)l (Karki
Patankar. 1988)l (Davidson e Hedberg. 1989)l (Thangam o Knight. 1990)l (Yang et
1990)l (Dona et al. 1991)l (Kolkar e Choudhury. 1991); (Sirva. 1991); (Pirex. 199
diferenciando-se entre si. basicamente, pela configuração do malha utilizada (co-localiza
ou doslocada). e do tipo e local dos componentes da velocidade. Essas distinções s
amplamente discutidas por Shyy e Vu (1991 )

Este trabalho dá prosseguimento ao aprosontado por Ronzani o Niockelo (1994)
propõe um algoritmo para a solução numérica de problemas do escoamento de fluid
incompresslvois em coordenadas curvilíneas bidimensionais. A técnica de volumes finitos
usada, com uma configuração de malha co-localizada para todas as variáveis.
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6 - CONCLUSION

SUMÁRIO

Neste trabalho é apresentado um algoritmo para a solução numérica de problemas
de escoamento de fluidos incompressíveis em sistema de coordenadas curvilíneas não-
ortogonais generalizadas. utilizando a técnica de volumes finitos. O problema do
acoplamento pressão-velocidade é solucionado usando uma combinação das equações da
continuidade e da quantidade de movimento linear. gerando duas equações de correção da
pressão. Resultados da aplicação do método são apresentados

1. INTRODUÇÃO
BIBUOGRAIUY

Métodos numéricos para a solução de problemas envolvendo escoamento de fluidos
em geometrias regulares estão bem desenvolvidos atualmenta. porém na maioria das
aplicações em engenharia as geometrias encontradas são complexas. Estimulado pelo
desenvolvimento do vários métodos do geração da malhas curvilíneas que se ajustam aos
formatos dos contornos. novos algaritmos passaram a ser desenvolvidos usando um
sistema do coordenadas não-ortogonais generalizadas. permitindo o uso de malhas
adaptáveis a geometria do domínio físico do problema a ser solucionado. Os seguintes
trabalhos om coordenadas generalizadas podem ser citados: (Maliska. 1984)l (Peric.1985)l
(Shyy et al..1985)l (Reggio e Camarero. 1986); (Hadjisophocleous et al, 1988)l (Karki e
Patankar. 1988)l (Davidsan e Hedberg. 1989)l (Thangam e Knight. 1990); (Yang et al,
1990); (D8ng et al. 1991)l (Kolkar a Choudhury. 1991); (Salva. 1991); (Pirex. 1994)l
diferenciando-se entre si. basicamente. pela configuração de malha utilizada (co-localizada
ou desfocada). e do tipo e local dos componentes da velocidade. Essas distinções são
amplamente discutidas por Shyy e Vu (1 991 )

Este trabalho dá prosseguimento ao apresentado por Ronzani e Nieckele (1994) e
propõe um algoritmo para a solução numérica de problemas de escoamento de fluidos
incomprossfvais em coardonadas curvilíneas bidimensionais. A técnica do volumes finitos é
usada. com uma configuração de malha co-localizada para todas as variáveis.
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