
2. DERIVATION OF THE MLGFI INTEGRAL EQUATIONS

Thl$ section doscrlbas tho use oí Iho MLGFM to salvo tho 3-D olasticity problem
defined by tho axprossion
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whoro u=eui u, u,)' is the gonoralizod displacomont vector; .4,N.ii and Í ara
respoctlvely. tho dlflorencial oporator of 3-D olastlcity, tho associated Neumann operator
end Ihe prosa'lbod vâluos for tho gonorallzed displacament vector and generalized forcas.
Tho vector b = (b. b, b,)' corrosponds to oxternal body loading.
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Renato BBrblorl, Dr. Eng.
Faculdade de Engenherle de Jolnqlb sc. whoro 6(Q.P) is tho Dlíac della gonorallzed functlon, l is tho idonlity censor and G(Q,P) is

a fundamonlal solutlon tonsor whlch roprosonls tho displacomont at a fiold point Q due to a
unlt sourco applied at poínt P

Multlplylng oquation (2.1) by G(Q.Py and oquation (2.4) by u(Qy rosults in

c(Q. py J «(Q) : c(Q, Py b(Q) (2.S)

(2.6)and u(QrJ'G(Q,p)=u(Qy6(Q.p)

Subtracting (2.5) from tho transpose of (2.6) resulta in

«(Q)õ(Q, p) : [J ' c(Q. p)]' «(Q) - c(Q, py l«(Q) + c(Q, Py b(Q) (2.7)

1. 1NTRODUCTION
obtalnsntogratlng this oquatlon on tho domain Q. with point P considorod as fixed. ona

The MLGFM is a numorlcal method which is closely rolatod to tho Galerkin
formulation of.tho Boundary Eloment Mothod (BEM). The maia diHoronce betwaen theso two
techntquos is that Iho formar does not requlro on nnalHlcal fam af a ltmdamenlal solutionln
this senso, tha applicability of the MLGFM l8 broader than theono of Ihe tradltlonal BEM.

Tho procedure that the MLGFM omploys to overcomo Iho need af a hndamontal
solulion is to replaco it by locally dotominod Groen's hnctlons prqectlons Mlch ore
8va ualod wlth the halp of.Iho FEM. The boundary canditions adoptod for Ihls purposo aro

en in suco a way Ihat tho integral equations üat describe tho problam geisi;lpi üod
Tho appllcation of the MLGFM to elasticity probloms ms orlginally presented by

Barbleri(1992) .and 8arbierl ot a1. (1992). where 2-D problema vero analysed. Exnllont
rosults were achievod encouraging hrther researdl and opplication to the 3.D caso. Tho
first analysis involvlng 3-D problema was presented by Moira ir. (1994).

In this paper tho application of Ihe MLGFM to 3-D elasticity probloms is dotailod and
some numerical examples are displayod. The resulta are comparod to Ihe equlvalont FEM

u(p) = JIJ 'c(e.p)J' u(Q)dna JG(Q.py Ju(Q)dQ. +
Q

+jG(Q.py b(Q)ón.
Q

(2.8)

Nexo, applylng tho Gauss theorem to the lirst two Integrais in (2.8) rosults in

u(p) = - Jlx 'G(q. P)I' u(q)dm. + JC(q, Py /Vu(q)dm. +

+JG(Q,py b(Q)dn.a
(2.9)

chore N ü is tho Neumann oporator assoclatod to the adjolnt operador .4 #
At thls polnt it is convinlont ta domine an oporator named N' such that
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G(q, Py N' «(q) - N'G(q.Py u(q) (2.10) «(p) :l'r(p)l{ «)'
«(p) : [+(p)]{«}'

r(q ) : l+(q)ltr )
b(Q) :l'r(e)lÍb)Tho quantity dofinod by (2. 10) can be addod and subtraded fiam(2.9) r08ultlng in

u(p) = - JKx '+JV')G(q. P)I' u(q)dãn. + Jo(q, p)'(N + N')u(q)dmq +

+JG(Q,py b(Q)dQq (2'11)

(3. 1 )

The noxt stop ís to substituto tho axprossions above unto (2. 14) and (2. 16)
tn tho domain system obtainod. tho rosullanl resíduo }s made orlhogonal to oach

domaln Intorpolatlon functlon. rosulting in ' '' '''

It is convenient ta defino as boundary conditions for the problem(2.4) tho expíession
AÍ")' : BÍr) .Ceb) (3.3)

(N '.JV')G(q. P) : 0
(2.12)

Slmllarly. In tho boundary system obtained. the resullant resíduo is made orthQnOnBI
lo oach boundary Intorpolation functlon. loading to ' ' ' -u-- -

aam=m'llsH Zãl$RânR l!!?,''Hdou::lâ.FTR: M3'.:"!
DÍuJ' = Etr} + F(b) (3.4)

k.«.(p) : oo« m,
In oquatlons (3.3) and (3.4) tho following idontitios hold

D r chlot boundary condillonsny non-zero value on the pari of ã).
Tho dosired solution for u(P) can then be written as

(2. 1 3) A

B

C

J['r(p)]']'p(p)Pn.

flm(q)I'Í+(q)ldm.

Jla(e)I'l'p(ç)ldn.0

that has homogonoous
(3.5)

(3.6)

(3.7)
u(p) = Jc(q,pyP(q)dm. +Jc(Q,pyõ(Q)dn.n (2. 14)

chore F(q) : (N + N')u(q)
o :Jl+(p)I'l«p)bm, (3.8)

(3.9)

(3. 10)

Taking tho traco thoorom of u(P) . Ihat i$
E :Jlcb(q)I'l+(q)Pm.

F :JI«(o)I'lv(e)bn.au(P)=.. u(P) peãLPen. (2.15)

in (2. 14) 1eads to where the Groen's functlon projoctlons involved aro

u(p) = Jc(q,pyP(q)dm. +JG(Q,Pyb(Q)dne
Q

1«(q)I' J['r(p)]']C(q.P)]' dn.

:J]'r(p)]']c(Q, p)]'m.
Q

Jl+(p)I' [c(q . p)]' dm.

J[+(P)]' ]c(e,p)]' dm,

(2.16) (3. 11)

(3.12)

(3.13)

(3.14)

integral oxpresslons of(2e MLGFM tolbe dscrelized. problom complelely and are the final

la(Q)I'

[a(q)]'

lcü(Q)I'3. INTEGRAL EQUATIONS DISCRETIZAnON

4 APPROXIMATE GREEN'S FUNCTION PROJECTIONS

As it became ovldont in tho last sntlon. tho MLGFM dependa on the knowlodgo of
tour Green's hnctlon pmloctlons. glvon by (3.11) - (3.14). Theso Green's functions may be
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epal resld appro) imatoly. by solvlng two assoclate probloms wlth the Flnlte Element Molhou 8 n 12.0

b - 16.0Problem l

a 'lcd(e)l : [v(o)]
(x ' 'A''Xa(q)l : o

(4.1)

(4.2)

P - l.o

vq eã\ Q en

Problem 2

d 'lü(o)l: o
(x ' '''x'Xc'(q)l 1+(q)l vq ea\Qen

(4.3)

(4.4)

6. NUMERtCAL RESULTA
18 19 20

Flg. 5.3. Curved boam with applled load on taco B

a#WWF Ês:is $:a3$auUI
IHgeR$glBE=?:Ç.J:;H'?'#'i:Émi:'h:i-=U=i'Ü

Fig. 5. 1 . Finita olements usod for domain discrotization

FEM BEM

e
(a) LIOC34P2

Fig. 5.2. Boundary elemento used far boundary disaetization.

5.1. Bending of Curvod Beam with a Load in its End

FEM BEM

(b) L18C58P2

Flg. 5.4. Domoln and boundary dlscretlzatlon

The resulta lu strosses and displacomonts aro shawn in Tablos 5.1
orrors referoncod to tho 2-D solutlon ari displayod in parenthosls.

and 5.2 The
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colled S06C22P2
ardor 2.

06 Sorendiplty domain olomonts. 22 Contour alomonts. Polinomial

FEM

BEM

Fig. 5.6. Domaln and boundary mochos íor puro bending analysis (S05C22P2)

31 30 29

5.2. Puro bonding of a prismatic baam. 25 26 27

Flg. 5.7. Faca A

Tho resuts obtainod for a., stressas and maximum displacomonts are shows li
iablos5.3and5.4,rospocllvoly. ' ' -- v--' "

.a

M«h

FEM

25 goo.WnZ .887 L08

20 4 }7

27
.0 JO,o97:SHOT

28 0

28 .889. ,087. 53498

30 gQ»!i.2280z

31 .000.88000 2qooz.õ«oz
32 4. 00000427 .9:Q®o02iaS

Fig. 5.5. Prismalic beam undergoing puro bonding.

For Ihis problem's modelling. 20 nodo finito elomenls wero used in tho domain and 8
nodo boundary elemento were appliod in tho boundary. The mosh. presentod ín Fig. 5.6. is
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$%yu..

-2.

end MLGFM. C.

bohavlaur. Exemplo 5.1 aéreos wlth tho rasults prosantod by Muõoz R. & Barcollos (1994)
and Borblorl ot a1.(1994)! ond shows uat bettor rosults aro normally obtalnod for tractlons.
Mllo for dlsplanmonts tho rosults ore usuatly. th0 gamo. Novertheless. In some ocaslons
ono problom requlros dHorent boundary condlllons whon modollod wlth FEM and MLGFM.
Inthls coso. the píoporty af better ropr?sentatlon for tracllons may be post. as in exemplo
5.2. Partlcularly. Iho boltor roprosentatlon of stress rosults is forosoon to diva a great
odvantago to tho method lor deallng wlth nonllnoar probloms. in which tho qualily of slrassos
plays 8 key rolo in the Iterativo procoss of solutlon.

tho dlq lh' 't'«, .««ít-
m''' a«-.atá l

5.3. Bendl
ng of a unifomtly loaded boas

a. 5

8lmllar íu FEM
lod vla MLGFM.
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