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ABSTRACT 

The present manuscript proposes a finite strain phenomenological model applied to the modeling of the viscoelastic 
behavior of biological materials in conjunction with finite element simulations of atomic force microscopy (AFM) 
indentations. The proposed model is formulated within a thermodynamically consistent framework based on a variational 
constitutive approach. In order to assess the applicability of the model, a numerical investigation of the local viscoelastic 
behavior of living cells is performed and compared with experimental data. The numerical procedure developed in this 
study seems to provide an appropriate numerical environment for a better understanding of the viscoelastic behavior of 
biological materials under nanoindentation experiments. 
 
Keywords: Living cells, Finite viscoelasticity, Variational constitutive modeling, AFM nanoindentation. 

 

1 INTRODUCTION 

In many connective tissues, such as tendons, ligaments and cartilage, the mechanical responses 
to external loadings are highly dependent on their hierarchical microstructures, cellular organization 
and interactions between one another [1]. In this context, the biological microstructures play a 
remarkable role in the biomechanical behavior.  

Through the tissues hierarchies, each microstructural phase may be subjected to complex 
mechanical environment, experiencing finite strains and presenting particular nonlinear behaviors, 
including viscoelastic effects. Therefore, the knowledge and correct interpretation of the mechanical 
responses of the microstructural phases certainly constitutes useful information for a better 
understanding of the multiscale mechanics of the tissue. 

Several measurement techniques have been employed to assess the micromechanical responses 
of biological materials, where the atomic force microscopy (AFM) indentation is the most 
comprehensive of them. Also known as nanoindentation tests, the AFM indentation experiments are 
employed to assess the micromechanical responses of a large range of biological materials, e.g.: living 
cells [2–5], collagen fibers [6], collagen fibrils [7], bones [8], skin [9] and others. In a numerical 
perspective, the AFM indentations provide a convenient structure to finite element simulations. For 
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instance, whereas the biological sample is modeled locally as a homogenous medium, the tip of the 
indenter can be considered a rigid body. 

With these motivations in mind, the present work proposes a finite strain viscoelastic model in 
order to represent the micromechanical responses of biological materials in conjunction with finite 
element simulations of nanoindentation tests. The proposed model is formulated in a 
thermodynamically consistent framework based on the variational formalism addressed in [10–13].  

The manuscript is organized as follows. In Section 2 is presented the theoretical background 
related to the variational constitutive modeling of a viscoelastic material subjected to finite strains. 
Aiming at finite element simulations, this section also addresses the discretized version of the 
continuum constitutive equations, leading to the local algorithm of the material model. As a case of 
study, a numerical investigation of the local stiffness and energetic dissipation of fibroblast cells is 
performed. Accordingly, a set of numerical results related to these analyses are shown in Section 3. 
Finally, some particularities of the model and further discussions regarding to the viscoelastic 
behavior of cells are highlighted in Section 4. 

2 CONSTITUTIVE MODELING APPROACH 

2.1 Kinematics and Thermodynamic Potentials 

The classic multiplicative decomposition of the deformation gradient is proposed herein to 
separate de elastic and viscous contributions: 
 

( ) ( )e v e e v v,   : det 0,   : det 0J J= = > = >F F F F F . (2.1)

 
In view of decomposition (2.1), the total, elastic and viscous right Cauchy-Green strain tensors 

are introduced as, 
 

T TT e e e v v v: ,    : ,    := = =C F F C F F C F F . (2.2)

 

The symmetric part of the velocity gradient 1: -=l FF  defines the spatial rate of deformation 

( ): sym=d l . However, in the present modeling approach, the viscous rate of deformation is defined 

by, 
 

( ) ( )1v v v v v v: sym ,     skew
-

= = = =d l l F F l 0 , (2.3)

 
where the assumption of null viscous spin is used [14]. 

The constitutive modeling of dissipative materials can be cast in a thermodynamically 
consistent framework by defining the Helmholtz free energy y , and a so-called dissipation pseudo-
potential f  [15,16].  

The proposed viscoelastic model is formulated in view of the well-known standard solid 

rheological assembly, where further details can be found in [17]. According to this and choosing vF  
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as an internal variable, the Helmholtz free energy and the dissipation potential are formally introduced 
as 

 

( ) ( ) ( )e e v v: ,    :y y y f f¥= + =C C d , (2.4)

 
where the superscript ¥  represents the time-independent response. Moreover, the arguments of 
potentials (2.4) are objective tensors [18]. 

 
2.2 Variational Constitutive Approach 

The variational constitutive modeling approach proposed herein is guided by the variational 
formalism addressed in [10–13]. In view of the thermodynamic potentials (2.4), one can define a rate 
potential in the form [10,11]:  

 

( ) ( ) ( )v v v v, : ,y f= +F F F F d    . (2.5)

 
The incremental counterpart of potential (2.5) relies on a proper numerical integration scheme. 

Considering an increment of time 
1n n

t t t
+

D = - , a possible general expression for the incremental 

potential is given by 
 

( ) ( ) ( ) ( )1 1 1 1
v v v v v

inc , : , ,n n n n n n
nt

t
J

y y f+ + + +
+

é ù= - + D ê úë ûF F F F F F d


 , (2.6)

 

where the variables ( )v vFd
 

 and vF


 are discrete approximations for the rates vd  and vF , 

respectively. One can note that the dissipation potential vf  is evaluated at an intermediate time 
n
t

J+
 

inside of the time increment, where the parameter 0,1J é ùÎ ë û  is closely related to the discretization 

rule employed in vF


. Therefore, the consistency of the incremental form (2.6) can be verified if 

inc0tD   =  . In view of the incremental potential, the variational updates algorithm is 

composed by two main procedures: 
 

1. The incremental rate of the internal variable is solution of the variational principle 
 

t

1v

op

inc cte
v arg inf

n+ =
=

F F
F 


 . (2.7)

 
2. Once the optimal solution is obtained in (2.7), the incremental stress is updated by 

 

1
ov v pt

1

inc
n

n

+

+ =

¶
=

¶
F F

P
F  


. (2.8)
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The variational principle (2.7) defines a new potential, namely the reduced incremental 

potential red
inc , which is only function of 1n+F . The total derivative of red

inc  with respect to 1n+F  also 

results in the first Piola-Kirchhoff stress tensor, 
 

( ) ( )1 1 1 1

1
v

red
red vinc

inc inc,   where   : ,
d

i
d

nfn n n n

n

+ + + +

+

= =
F

P F F F
F 


  . (2.9)

 
The reduced incremental potential grants remarkable numerical features. For example, the 

constitutive problem presents a hyperelastic behavior inside of the time increment, the consistent 
material tangent modulus keeps major symmetry and also exist the possibility of investigate the 
uniqueness of solution [10,12,13,19]. Accordingly, this variational approach becomes a 
mathematically elegant and numerically robust tool to formulate and solve the constitutive equations. 

 
2.2.1 Internal Variable Updates Algorithm 

In the present work, the continuum rates (2.3) are incrementally approximated by the classical 
Euler scheme: 

 

( )1

1
v v vv v v v v,   

1
n n n

t
J

-

+ +» =
D

» -=d d F F FF F F
 

, (2.10)

 

in which ( ) 1
v v v1n n nJ J J+ += - +F F F  defines a linear interpolation of the internal variable within the 

time increment [20]. Assuming 1J = , that represents a fully implicit rule, one can define from 
equations (2.10)  the following updating rule:  
 

( )1

1v v v
n nt+

-
= -DF I d F 


, (2.11)

 
where I  is the second order identity tensor. Moreover, in the present modeling approach, the viscous 
flow is considered incompressible. Therefore, the minimum principle (2.7) can be rewritten as 

 

 

opt

v 1

v
inc cte

arg inf
nso + =Î

=
Fd

d 



 , (2.12)

 

where ( ){ }1
v v vdet 1nso ym +

é ùÎ =ê úë ûd F d
 

 :=  represents the isochoric viscous space and ym  

the space of symmetric second order tensors. The kinematic constraint ( )1 1
v v: det 1n nJ + += =F  is 

taking into account by means of the Lagrangian functional 
 

( ) ( )11 1

v v
inc, : 1nn n

Jg g ++ +
= + -d


  , (2.13)
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where 
1n

g
+

 is a Lagrange multiplier. Consequently, the minimum principle (2.12) can be rewritten 

as an unconstrained problem, such that: 
 

( )
( )1 v 1

1

optv
cte,

sta, arg t 
n

n
ng

g
+

++
=

=
Fd

d 


 . (2.14)

 
The solution of the variational principle (2.14) defines the internal variable updates algorithm. 

Once the optimum solution for the incremental rate vd


 is found, the internal variable is updated by 
equation (2.11). The solution strategy employed in this work to solve the optimization problem (2.14) 
is based on the full Newton-Raphson procedure [21].  

 
2.2.2 Stress Evaluation and Consistent Material Tangent Modulus 

 
Once the solution of (2.14) is obtained, the stress can be updated as follows. In view of (2.8), 

the incremental first Piola-Kirchhoff stress tensor is given by 
 

1
optopt optv vv v v v1 1 1 1

e
inc

n

n n n n

y y y
+

+ + + +

¥

== =

= =
æ ö¶ ¶ ¶ ¶ ÷ç ÷= +ç ÷ç ÷ç¶ ¶ ¶ ¶è ød dd d d d

P
F F F F    


. (2.15)

 
The partial derivatives of the Helmholtz strain energies in relation to 1n+F  result in 
 

1 -T

1 1 1 1 1 11 1

v e v,   :n n n n n nn n

-

+ + + + + ++ +
¥= = +P F S S S F S F , (2.16)

 
where 1n+S  is the second Piola-Kirchhoff stress tensor. In addition, the time-independent and the 
elastic second Piola stresses are defined as, 
 

1 1
1 1

e
e

e
: 2 ,   : 2

n n
n n

y y
+ +

+ +

¥
¥ ¶ ¶

= =
¶ ¶

S S
C C

. (2.17)

 
Within the framework of a conventional nonlinear finite element code, the consistent tangent 

modulus must be provided [22]. Taking into account a total Lagrangian formulation [23], the 
linearization of the equilibrium equations results in the material tangent modulus, 
 

1

1

1 1 1

2 red
incd d

: 2
 

4
d d d

n

n

n n n

+
+

+ + +

= =
S

C C C

 , (2.18)

 

where d  represents the total derivative operator. It is important to notice that if red
inc  is a convex 

potential of 
1n+

C , the major symmetry of the tensor 
1n+

  is guaranteed. 
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2.3 Choice of Viscoelastic Potentials 

As a case of study, a numerical investigation of the local stiffness and energetic dissipation of 
living cells is addressed in the next section. Therefore, to model the viscoelastic behavior of cells, the 
following potentials are proposed: 
 

( ) ( ) ( )

( ) ( )

2

e
e e e e

v
v v v

: tr 3 ln ln
2 2

: tr 3 ln
2

: :
2

J J

J

m k
y m

m
y m

h
f

¥ ¥
¥ ¥

ìïï é ù é ù= - - +ï ë û ë ûïïïïï é ù= - -í ê úë ûïïïïï =ïïïî

C

C

d d

, (2.19)

 

where { }e v, , ,m k m h¥ ¥  are the constitutive parameters. In equation (2.19), the strain energies are 

represented by the Neo-Hookean model [24], and the dissipation potential possesses a simple 
quadratic form in the viscous rate of deformation.  
 

3 RESULTS 

The finite element analysis presented herein aim to simulate cyclic AFM indentation tests. The 
numerical simulations follow the experimental protocol carried out by [4] in fibroblast cells. In Figure 
1 are shown details on the finite element model. The proposed model are composed by a rigid 
1.98 mm  diameter spherical indenter and a numerical sample with diameter of 10 mm  and height of 
4 mm . The cell sample is modeled as a homogeneous medium, discretized by 15, 000  linear 
prismatic elements, where a mesh refinement was performed in the indentation region. Moreover, a 
quarter symmetry of the sample is considered and the frictionless contact was imposed in the interface 
between the sample and the rigid indenter. The simulations were performed under an indentation rate 
of 0.8 m/sm . 

The finite element simulations were run in the software Abaqus, where the proposed 
viscoelastic model was implemented into the user-subroutine UMAT. 
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  (a)           (b) 

Figure 1. Finite element model. (a) Perspective view of the model showing the 
spherical indenter and the cell sample in a quarter symmetry. (b) Top view of the 
numerical sample, where the mesh refinement is noted in the indentation region. 

 
It is a common practice in the biomechanical analysis of living cells to assess the local stiffness 

by fitting the AFM indentation experiments to Hertz contact models [25]. In this case, the cell is 
modeled locally as a linear isotropic (and generally incompressible) material, where the elastic 
parameter E  (Young’s modulus) attempts to represent a measure of stiffness. The Hertzian model 
for a spherical tip is given by, 

 

( )
( )

3/2
2

4

3 1

E r
F d d

n
=

-
, (3.1)

 

where ( )F d  is the force-depth relation of the indenter, r  is the radius of the tip and E  and n  are the 

linear elastic parameters, represented by the Young’s modulus and Poisson’s ratio, respectively. 
It is important to note that although Hertzian expressions have shown to be excellent shape 

functions to reproduce nanoindentation curves subjected to finite strains, these expressions are of 
limited use for modeling the mechanical behavior of cells. The same test performed at different 

indentation depths generally needs different values { },E n  to reproduce the experimental curve. In 

other words, it is in general not possible to find a unique set { },E n  to represent the same material.  

Experimental investigations based on Herzian expressions point out the parameter E  of 
fibroblast cells can range from 50 Pa  up to 150 kPa onto the cell surface [3,5,26]. Moreover, a log-
normal distribution between 10 kPa  up to 100 kPa with a mean value of 46 kPa  was verified 
in [5]. In addition, the hysteresis loops under cyclic AFM indentations present large variations 
depending on the tested point onto the cell surface [27].  

Based on this reasoning and the mentioned experimental data found in [3,5,26], the equation 
(3.1) is employed to retrieve experimental indentation curves with the parameter E  equal to 10 , 50  

XY

Z

X

Y

Z
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and 100 kPa  (see Figure 2(a)). These monotonic curves will provide the experimental basis in order 
to estimate the constitutive parameters of the proposed viscoelastic model considering three levels of 
stiffness and energetic dissipations: upper and lower bounds and a mean value.  

For each stiffness level, the proposed viscoelastic model was used and its constitutive 
parameters were estimated in order to reproduce the monotonic experimental curves with three 
percentages of hystereses: 16%, 33% and 56%. The identification procedure was performed as 

follows. A fixed ratio 210k m¥ ¥=  (compressible response) was defined for the time-independent 

volumetric parameter, and the remaining viscoelastic parameters { }e v,m h  were identified in order 

to reproduce the loading path of the curves for the three percentages of hysteresis. 
The force-displacement curves of the indenter resulting from the finite element simulations are 

displayed in Figure 2(b-d), while the corresponding material parameters are listed in Table 1. 
 

Table 1: Constitutive parameters related to the numerical curves shown in Figure 2. 
 

Model 
Parameters 

y¥  ey   vf  

 [kPa]m¥   [kPa]k¥  e  [kPa]m   v  [kPa s]h ⋅  

Sim. 1 1.1 110  2.4  12.8 

Sim. 2 1.1 110  2.6  4.5 

Sim. 3 1.1 110  3.8  2.2 

Sim. 4 6 600  11  52 

Sim. 5 6 600  13  20 

Sim. 6 6 600  18  10 

Sim. 7 17 1700  17  70 

Sim. 8 17 1700  22  28 

Sim. 9 17 1700  32  12 
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  (a)             (b) 

     
  (c)             (d) 

Figure 2. (a) Experimental data reproduced by the Hertz model. (b-d) Finite 
element predictions for the three levels of energetic dissipation represented by the 

hysteresis loops.  

4 DISCUSSIONS AND FINAL REMARKS 

As can be seen from Figure 2, all the numerical simulations were able to reproduce the 
monotonic loading path of the curves for the three levels of stiffness and for the three percentages of 
the energetic dissipation proposed. Concerning the hysteresis loops, the characteristic nonlinear shape 
of the unloading part of the curves show sound agreement with experimental data (compare the 
numerical results with the experimental curves presented in [4,27]). These numerical results indicate 
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the model is able to predict the force-displacement curves of the proposed indentation test under 
different conditions of stiffness and hysteresis onto the cell surface. 

In the expression (2.19) for the time-independent strain energy y¥  the parameter k¥  controls 

the volume stiffness while m¥  accounts for the distortional one. If incompressibility is to be enforced, 

k¥  takes values of ( )3 410 10 m¥-  [24]. However, under physiological conditions, cells can 

experience large volume changes [28,29]. In the present simulations, a compressible condition was 

used with 210k m¥ ¥=  (see Table 1). Therefore, even though the proposed model was able to 
reproduce the experimental curves, further investigations are recommended regarding to the local 
compressibility behavior of cells.  

It is worth noting the mechanical sensitivity of cells to indentation rate and indenter-cell 
adhesion are issues of research in cell biomechanics [4,27]. In the present case, all simulations were 
performed under the same indentation rate and considering a frictionless contact condition between 
sample and indenter. Accordingly, additional numerical and experimental analysis should be carried 
out in order to investigate these issues.  

Finally, the finite element simulation procedure presented in this work seems to provide an 
appropriate numerical environment for a better understanding of stiffness and energetic dissipation 
of biological materials. In addition, these procedures may be extended to other biological materials 
under different indentation conditions.  
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